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ABSTRACT 
It is shown that over a finite field there are more controllable systems than 
uncontrollable ones if and only if the number of system inputs is greater than one or 
the field contains at least three elements. 
1. INTRODUCTION AND PRELIMINARIES 
The classical theory of linear systems considers systems defined over the 
field of real or complex numbers. On the other hand, most algebraic results of 
this theory remains true for arbitrary fields [7]. Thus systems over the binary 
field, and in general over finite fields, are part of linear system theory. 
This provides a connection with the theory of linear sequential machines 
(cf. [5, 61) and with coding theory (cf. [3]). 
One of the basic concepts of linear system theory is that of controllability. 
As is well known, for the field of real or complex numbers the property that a 
system is controllable is generic, and is well posed at every point where it 
holds [12, Chapter 1, Theorem 1.31. It suggests that there are more control- 
lable systems than uncontrollable ones when the underlying field is the field 
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of real or complex numbers. A similar statement holds for arbitrary infinite 
fields. 
The present paper is concerned with the problem of estimating the 
number of linear controllable discrete-time systems of fixed input and state 
dimensions whose underlying base field is finite. The importance of such 
combinatorial questions is well understood in the existing literature on linear 
sequential machines. (We mention here only [6 pp. 40, 741, where some 
problems of this kind are posed.) The problem of finding an explicit formula 
for the number of controllable systems over a finite field seems to be rather 
difficult. In the present paper we are not able to solve it completely. We shall 
prove only that there are more controllable systems than uncontrollable ones 
when the number of system inputs is greater than one or the field contains at 
least three elements. In this context it is worth noting that the related 
problem of estimating the number of canonical (i.e., controllable and observ- 
able) systems over a finite field seems to be open. Another open question is 
that of the number of controllable systems over a finite ring [lo]. We hope 
that the present paper will stimulate research in the area of combinatorial 
problems of linear system theory that will give more insight into its basic 
concepts. 
Let m and n be positive integers, and I6 be a field. Write S( n, m; W) for 
the set of all pairs (A, B) of matrices with entries in the field H, and such 
that A is rr by n and B is n by m. Let Sc( n, m; W) denote the set of all pairs 
(A, B) E S( n, m; W) such that the following rank condition holds: 
rank[B, AB ,..., AnP’B] = rr. 
As usual, one can identify S(n, m; W) with the set of all m-input, order-n, 
linear (discrete-time) systems over M. Then s”( n, m; W) coincides with the 
set of those systems from S( n, m; H) which are controllable. (For H a finite 
field, the concept of controllable system coincides with that of strongly 
connected sequential machine; see [5, 61). 
For any set S, let #S denote the number of its elements. In the rest ofthe 
paper we shall consider only such fields lid for which #K is finite. Such a 
field is uniquely determined (up to isomorphism) by the number of its 
elements; for any prime number p and any positive integer r there exists a 
field lt6 with #ft6 = p’ (see [4, Vol. 2, Chapter 5, Theorem l] or [S, Chapter 
VII, Theorem 5.11). This remark shows that the numbers #(s( n, m; W)) and 
#(S;‘( n, m; W)) do not depend directly on the field I6 but only on the number 
9 := #Iti; so we denote them by s(n, m, 9) and c(n, m, 9), respectively. In 
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the paper we shall examine the following quantity: 
r(n,m,q) := 
c(n,m,9) 
s(n,m,9). 
Our main result is as follows. 
THEOREM. The inequality r(n, m, 9) > i holds if and only if m > 1 or 
9 > 2. 
In Section 2 we present some auxiliary results; in particular we give an 
estimate of r( n, m + 1,9) by T( n, m, 9). Section 3 treats the single-input case 
(i.e., m = l), and a useful formula for r(n,l, 9) is obtained. In Section 4 we 
express r(n,2,9) by r(n, 1,9); that will allow us to prove our theorem. 
2. AUXILIARY RESULTS 
Let GL( n; W) denote the 
Then the natural (in the 
Sc( n, m; W) is defined by 
group of all invertible n-by-n matrices over M. 
system-theoretic sense) GL( n; W) action on 
(A,B)‘:=(SAS-‘,SB). 
where (A, B) E Sc( n, m; W) and S E GL( n; W). Every orbit orb( A, B) of this 
action is finite, since #I4 is finite. On the other hand, as is well known (and 
easy to prove) the stabilizer subgroup of (A, B) under this action of GL( n; W) 
is trivial, because of the controllability property of (A, B) (see also [ll]). It 
follows from a well-known result [4, Vol. 1, Section 3.3, Theorem 21) that, for 
any (A, B) belonging to s’(n, m; W), 
#orb(A, B) =#GL(n;K). 
Let us recall (see [l, Sections 111.3, 111 or [8, Chapter XIII, Exercise 151) that 
n-1 
*L(n;H) = IJo(9”-9i). 
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where (as usual) 9 = #H. From the above formula, we see that the number of 
elements of any orbit orb(A, B) can be easily calculated. It follows that the 
main difficulty in obtaining a formula for the number c( n, m, 9) lies in the 
determination of the number of orbits in S “( n, m; W) under the action of 
GL( n; W). Fortunately, this problem can be solved using the existing theory 
of canonical forms for linear controllable systems. But when a formula for 
c( n, m, 9) is available, the value of r( n, m, 9) is immediate, since 
s(n, m, 9) = 9”(“+m). 
We end this section by formulating the following lemma, which we shall 
use in Section 4. 
LEMMA. The following inequality holds for all n, m, 9: 
r(n,m+l,q)>r(n,m,9). 
Proof. Note that 
r(n,m+l,q)= 
c(n,m+-l,9) c(n,m+fl,9) 
= 
9 
n(fl+rn+l) 
9”qnCn+*) . 
Let (A,B)ES’(~,~;M). Then (A,[B,O])~S’(n,m+l;tl6). In conse- 
quence, for every column b, (A,[B, b]) E S’(n, m + 1; W). So the desired 
inequality follows easily. n 
3. CASE m = 1 
Let (A, B) E S;‘( n, 1; W) be in its (controllable) canonical form, i.e., 
A,= 
-0 ... 0 a, 
1 . . . 0 a2 
. . . . . . . . . . . . . 
0 . . . 1 a, 
a,EK, i=l >.,.> n. 
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The number of different pairs (A,, B,) in the above canonical form equals 
9n. Any orbit orb( A, B) contains exactly one pair (A,, B,) in canonical form. 
So the number of orbits in Sc( n, 1; W) under the action of GL( 12; W) is 9”. 
Hence 
+d9) = 
9”rI:39n-9i) I7 1_A . 
9 2 + ” 4 i=l 9’ 1 
For any fixed 12, if 9 + 00 then r(n, 1,9) -+ 1, and this intuitively 
corresponds to the fact that controllability over infinite fields is generic. 
To determine the behavior of r(n, 1,9) for fixed 9, first note that 
r( n, 1,9) is decreasing in n. Thus, to estimate the value of r( n, 1,9) it is 
sufficient to find lim n _ m r( n., 1,9). For this we first note that 
holds true for positive k and J 2 k + 1. Using the above inequality, we have: 
Denote the right-hand side of this formula by A(k, 9). Then one obtains 
$= A(2,2) 6 lim r(n,1,2) < r(1,1,2) =a 
?I+* 
and 
s= A(1,3) < lim r(n,1,3). 
*+a 
Because r( n, 1,9) is increasing in 9 and decreasing in n, there are more 
controllable than uncontrollable single-input systems when 9 > 2; i.e., for all 
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n and all 9 > 2, we have r( n, 1,9) > f. However, since r(2,1,2) = (i)(f) < i, 
we have r(n, 1,2) < f for any n > 1. Of course, r(1,1,2) = i. 
4. CASE m = 2 AND THE GENERAL CASE 
In accordance with Popov [9, Theorem 11, a complete system of indepen- 
dent invariants for the GL( n; W) action on S’(n, m; W) can be represented, 
for any (A, B) E S “( n, m; K), by a suitable composition of the number n into 
m nonnegative components (the so-called Kronecker invariants) di, i = 
1 ,..., m, and some numbers aijk E K defined for i = l,..., m, j = l,..., m, 
k=O,l ,..., min(di,di)-lwhen j>i,and k=O,l,..., min(di,dj-l)when 
j < i. Let us note that in our case the standard assumption rank B = m is not 
postulated, so that some of the integers di may be zero. For m > 1 it is very 
difficult to determine the number of all possible triples (i, j, k) for which the 
numbers aijk should be considered, since [2, Chapter 4, Theorem 4.11 the 
number of different Kronecker invariants is 
mil(i+l)(m”i!ij. 
i=O 
However, if m = 2, we can determine explicitly all possible Kronecker 
invariants (d,, d,) as presented in Table 1. The case of this table is for n 
even. The last row (which is the most interesting for us) is the same when n 
is odd; it gives us the range of all possible k-indexes for which the considered 
invariants a, jk are defined. We should note that since k is nonnegative, the 
case in Table 1 when min(d i, d 2) - 1 = - 1 or min(d i, d 2 - 1) = - 1 for 
TABLE 1 
4 n-1 . . . n/2+1 
; 1 ... n/2-1 
n/2 n/2-1 ... 1 0 
d, n/2 n/2+1 ..’ n-l n 
min(d,,d,)-1 n-l n-2 ... n/2 n/2-1 n/2-2 ... 0 -1 
min(d,,d%)-1 -1 0 ‘.. n/2-2 n/2-1 n/2 ... n-2 n-l 
min(d,,d,)-1 -1 0 ... n/2-2 n/2-1 n/2-2 ... 0 -1 
min(d,,d,-1) 0 1 ... n/2-l n/2-1 n/2-1 ... 0 -1 
Number of 
k-indexes n+l n+3 .t. 2n-1 2n 2n-2 ... n+2 n 
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some pair i, j means that the corresponding triple (i, j, k) (with k = - 1) 
does not generate an invariant aijk. 
Each complete system of independent invariants determine a unique orbit 
in s’( n, 7n; W), under the GL( n; W) action. Hence the number of all k-inde- 
xes allows us to compute the number #ORB of different orbits: 
#ORB= 2 qn+l=qn 
l- qn+l 
i=O 
l-q . 
And as in the single-input case, 
#oRB.#GL(~;K) 1-q”+’ n-1 
T(%2,4) = 
n2+2n -4n(1_q)qnp+2n i=o 
I-I (4” -d> 
4 
1_q”+’ 
= q”(l- 4) r(n,Lq) 
9 1 =_ I-- ( i q-l qn+l r(n,l,q)=4_,(n+l,l,q). q-1 
Hence, according to the results of Section 3 and the Lemma of Section 2, 
r(n, m, q) > $ if and only if q > 2 or m > 1. 
The authors are grateful to the reviewer for some comments making 
Section 3 shorter than the original one. 
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